The variational ansatz for the ground state wavefunctional of QCD is found to capture the anti-screening behaviour that contributes the dominant '−4' to the β-function and leads 
Introduction.
Asymptotic freedom was discovered in some seminal calculations published in the 1970's. This unexpected result was proved for all non-abelian gauge theories and Quantum Chromodynamics (QCD) was born soon after. Khriplovich, [1] , calculated the full Green's functions of an SU(2) purely gauge theory in the radiation gauge using the spectral representation. Within the full Coulomb Green's function of [1] was written the now well known components of the β−function of the SU(2) Yang-Mills theory. The calculation of what is now the QCD β−function was carried out some years later, [2] , and also by 't
Hooft (unpublished).
The β−function for a purely gauge field Yang-Mills theory (no fermions) is,
The contribution '-4' is an overwhelming anti-screening effect that gives asymptotic freedom. The ' 1 3 ' is a lesser screening effect. C 2 (G) is the second Casimir operator of the SU(N) gauge group in the adjoint representation.
After the work of [1] and [2] , some attempts were made to develop an intuitive, physical understanding of the mechanisms by which the screening and anti-screening effects are manifest. In [3] , the screening and anti-screening components of the β−function were related to the spin of the gauge field. The anti-screening effect was related to the influence of the background field upon the electric dipole density and the screening effect was related to the magnetic dipole density. The β−function for a field of spin S was written,
where the group factor has been omitted. For a gauge field of spin 1, the anti-screening effect is −4, as in (1.1).
The β−function was decomposed in [4] into the same screening and anti-screening components as for a spin 1 particle in [3] , i.e. (1.1), but with different origins. This was achieved from the calculation of the pre-exponential factor, or the renormalisation of the charge, for the BPST instanton within the path integral formalism. Expanding the action in terms of a deviation from the instanton field, the zero-frequency modes were
shown to give the anti-screening contribution of '−4' and the positive frequency modes the screening contribution of ' 1 3 '. There is no contradiction in the apparently different origins of the effects in these calculations since the β−function can be calculated from any physical process and in [4] is related to instantons.
For a fuller discussion of the calculations [3] and [4] , the reader is directed to the originals or to [8] for a brief overview and discussion in context of the calculation of the β−function of the coupling constant of the variational approach. It is interesting to note here, however, that the two calculations, which involve physically different phenomena, produce answers for the β-function that decompose identically into screening and antiscreening contibutions. In this paper, the origins of the same screening and anti-screening components will be found in terms of fundamental gluon processes. These gluon process are written in the Hamiltonian formalism in terms of the physical degrees of freedom only; transverse gluons and Coulomb interactions.
The corollary of asymptotic freedom is that at low energy there is a strong coupling problem, e.g. phenomena such as confinement and chiral symmetry breaking. After a quarter of a century of work there is still no complete theory in answer to these questions. Despite the suggestion of many promising ideas, the arsenal of necessarily nonperturbative methods with which to attack these problems is limited. To have an analytic solution for the ground state wavefunctional of an asymptotically free non-abelian gauge theory, with the associated enhanced understanding of the underlying physics, would be invaluable for the understanding of these strong coupling phenomena. This was the motivation that drove the development of a variational approach to Quantum Field Theory (QFT). Although in quantum mechanical problems the variational approach is often easy to use -a few qualitative features is usually enough to write an ansatz that will give good results for the ground state expectation values -there is rather more complexity to overcome to use the approach within QFT, as discussed earlier by Feynman, [5] .
The variational approach was successfully applied to QFT in the exploratory calculations of [6] and [7] where QCD and Quantum Electrodynamics in 2+1 dimensions (QED 3 ) were considered, respectively. Extensive calculations were performed reproducing many old and giving new results. The reader is directed to the original papers for details. With the confidence given by the many results obtained from the variational approach to QCD and QED 3 , it was necessary to analyze the ansatz for the ground state wavefunctional of QCD. In [6] it was found that the solution of the minimization equation obtained in the variational approach results in the variational parameter being fixed away from the perturbative value and that the best variational state is characterized by a dynamically generated mass scale. The vacuum condensate was also calculated. Hence, the ground state wavefunctional captures some known non-perturbative characteristics of the QCD vacuum and we would fully expect the β-function of the coupling constant written in the variational ansatz to be like that of QCD. In fact, it was assumed in [6] that it was indeed the β-function of QCD. This assumption was investigated in [8] .
The calculation of the β−function from the ansatz for the ground state wavefunctional of the variational approach was performed in [8] with the following result.
This result is very close to the β−function of QCD, (1.1). The overwhelming antiscreening contribution that leads to asymptotic freedom is captured by the variational ansatz. The lesser screening contribution is, however, missing. The effective action, (2.7), considered in [8] was written in terms of elements of the SU(N) gauge group. Gauss' law, which is the only physical constaint imposed upon the ground state wavefunctional gives rise to longitudinal gluons with Coulomb interaction and can be used as the generators of the group. So, in [8] it was conjectured that the overwhelming anti-screening contribution of '−4' is due to the renormalisation of a Coulomb interaction. Further, since all terms greater than quadratic were omitted from the Hamiltonian because they gave only small, O(g), contributions to the minimization equation, it was conjectured that the screening contribution ' 1 3 ' must originate in the interaction of transverse gluons. The aim of the calculations presented in this paper is to prove this conjecture to be correct and so to obtain an intuitive understanding of the origin of the QCD β−function in terms of fundamental interactions in gluon processes and also to show the equivalence of the β-function of the coupling constant of the variational approach to that of QCD.
In order to prove this conjecture, it is necessary to write QCD in the radiation (also known as Coulomb) gauge. In this paper a purely gauge SU(N) Yang-Mills theory in the Hamiltonian formalism is fixed in the radiation gauge, ∂ i A 2. The β-function of the Variational Approach.
From the variational ansatz for the ground state wavefunctional of an SU(N) gauge theory the β−function was deduced in [8] . For details the reader is directed to that paper and for more understanding of the ansatz for the variational approach to the ground state wavefunctional to [6] . Here only the necessary details and results will be highlighted to enable comparison with QCD in the radiation gauge.
An SU(N) Yang-Mills gauge theory is described by the Hamiltonian,
In the variational calculation of [6] and the analysis of the ansatz in [8] all terms higher than quadratic in the Hamiltonian were ignored because they give only small contribu- is generated by Gauss'
Gauss' law gives rise to longitudinal gluons with a Coulomb interaction.
In the variational approach the vacuum expectation value of the Hamiltonian is calculated and minimized.
Since the Hamiltonian is only considered up to quadratic terms and for other reasons (calculability, the dominance of a single condensate), the wavefunctional is written as a
Gaussian. To ensure its invariance under a gauge transformation it is necessary to sum over the space of special unitary matrices with the SU(N) group invariant measure.
G(x − y) is like a non-local propagator. G is defined to coincide with perturbation theory at high momenta and to have a mass gap. The value of the mass gap is the variational parameter. 
τ a are generators of an SU(N) group. Tr is a trace over all indices, tr is a trace over colour indices and all summations over indices and integrations over spaces are implicit.
There are no derivatives in M -it makes no contribution to the following analysis and is omitted.
In [8] , this action was analyzed and the β−function for the coupling constant of the theory calculated. The group elements were decomposed into high and low momentum dependent modes with the ansatz
allowed the effective Lagrangian to be written as,
This is an effective low energy Lagrangian. High momentum modes in the region M ′ < k < Λ were integrated over, where Λ is the UV cut-off. The scale M ′ is arbitrary but in [8] and here M ′ = M is chosen for simplicity of calculation and clarity of presentation.
Hence, φ a depends only upon high momentum modes and λ a i,L depends only upon low momentum modes. Now the correlations of φ a need to be calculated.
C and K are finite contributions which are independent of M and Λ and so are ignored in the following. (2.8) occurs in Γ L in terms such as, The dotted line corresponds to G −1 (x − y) which contains information about transverse gluons. In the region k < M, G −1 (x − y) = Mδ(x − y) and the propagator becomes local, associating the ends of the dotted line, and the standard tadpole diagram is recovered.
(2.9) appears in Γ L in terms such as, The effective Lagrangian can now be written as,
(2.14)
From this the β-function is easily calculated.
This result is close to the QCD β-function calculated in [1] , [2] , [3] and [4] as discussed in [8] . This prompted the conjecture that the anti-screening contribution of '−4' to the QCD β-function is due to the renormalisation of a Coulomb interaction. Such Coulomb interactions originate with Gauss' law which can be used as the generators of SU(N) gauge transformation, i.e. as the generators of U. Further, the conjecture was made that the
' screening contribution must be associated with transverse gluon processes -exactly the interaction terms omitted from the Hamiltonian in the the exploratory variational calculations of [6] as they only give small, O(g), contributions to the minimization equation. This conjecture is reliant upon the validity of the original ansatz for the ground state wavefunctional. In the next two sections QCD is written in the radiation gauge and this conjecture is proved. Thus the equivalence of the β-function of the coupling constant written in the variational ansatz to that of QCD is shown and a physical understanding of the origins of screening and anti-screening effects in gluodynamics is obtained.
3. QCD in the radiation gauge. 
The generators of the SU(N) internal symmetry, T a , and the group structure constants, f abc , have the following properties:
C 2 (G) is the second Casimir operator and G denotes the adjoint representation in this case. For SU(N), C 2 (G) = N. Calculations will be performed in Euclidean space.
Imposing the radiation gauge, ∂ i A a i = 0, allows us to write the Hamiltonian density, in Euclidean space. A diagrammatic treatment of the theory will be used which will provide physical insight into the processes from which the screening and anti-screening contributions to the β-function originate, in contrast to the spectral representation used in [1] . The Hamiltonian for a purely SU(N) gauge theory shall be written containing only transverse gluons and Coulomb interactions. This allows a direct comparison to be made between the variational ansatz for the groundstate wavefunctional and QCD.
To start, the canonical momentum is decomposed into longitudinal and transverse parts, p a i and ∂ i φ a respectively,
Thus, we can write the Hamiltonian density,
Substituting this decomposition of the canonical momenta into Gauss' law gives the relation,
This expression can be solved for φ a by a process of reiteration with the definition of the inverse Laplacian,
φ a therefore becomes an infinite series in g,
where ∂
By substituting (3.8) into (3.5) and identifying p a i with −∂ 0 A a i , we obtain the following Hamiltonian,
This Hamiltonian contains three terms familiar from the usual Lorentz covariant treatment of QCD and an infinite series of non-local terms, the non-locality provided by the definition of ∆ −1 . The transverse gluon propagator, denoted by the conventional 'pigtails', is given by,
where p 2 = p The Coulomb interaction is denoted by a dashed line and is written as, higher order in g (e.g. Fig. 6 ). The coupling constant can then be redefined to absorb the infinities associated with these modifications and from this the β-function deduced.
In this section, all diagrams that contribute to the β-function up to first order will be calculated.
From previous calculations in QCD, it is known that box diagrams do not contribute to the β-function. Choosing the radiation gauge maps these gluon box diagrams into a number of diagrams formed of combinations of transverse gluon and Coulomb interactions.
Each of these new box diagrams may be individually divergent but summed together they cannot contribute to the QCD β-function.
The other diagrams that need be considered for the renormalisation of a Coulomb This diagram is denoted by I. Fig. 8 shows a Coulomb interaction modified by a transverse gluon -Coulomb loop between two external transverse gluons. This interaction is written as,
where,
It is important to note that since Lorentz invariance has been broken by the choice of gauge the time-like component is not treated the same as the spatial components of momentum in the loop integration. Σ is evaluated in Appendix B with the result, All finite terms are ignored in the calculation of the β-function.
Renormalisation of a Coulomb Interaction by a Transverse Gluon Loop.
From the combination of two four transverse gluon, non-local vertices, Fig. 4 , a box diagram and a Coulomb interaction with a transverse gluon loop can be made. The fact that box diagrams do not contribute to the β-function has already been discussed above. Fig. 9 shows a Coulomb interaction with a transverse gluon loop inserted. This interaction is written as,
The numerator and denominator, N and D, are,
Π is evaluated by the lengthy calculations of Appendix C. Throughout the calculation it was unobvious that the time-like components of momentum would cancel but there it is seen that they do. We finally write the modification to the Coulomb interaction by the insertion of a transverse gluon loop as,
Calculation of Vertex Corrections
As well as modifications to the Coulomb interaction by the insertion of loops, corrections to the gluon -gluon -Coulomb vertex are possible. To first order, two such corrections are possible.
The first correction is obtained by combining the interactions of Fig. 3 and 5 and is shown in Fig. 10 . This is written as, 8) where, The second possible vertex correction is made by the combination of two triple transverse gluon vertices, Fig. 3 , and a four transverse gluon, non-local vertex, Fig. 4 . From these components a box diagram is also possible but such diagrams have already been discussed above. The second vertex correction is shown in Fig. 11 and written as, 10) where,
This expression is evaluated in Appendix E, where the Coulomb interaction between two transverse gluons with a transverse gluon correction about one of the gluon -gluonCoulomb vertices is finally written as IΓ, with,
Two such vertex corrections are possible to first order, one at either end of the Coulomb interaction. So, the modification to the Coulomb interaction between a pair of external transverse gluons to second order in g is, ' contribution is seen to arise from a screening contribution of '
' from a transverse gluon loop and an anti-screening contribution of '− 
Conclusion
In the exploratory variational calculation of [6] , the assumption was made that the coupling constant written in the variational ansatz for the ground state wavefunctional of QCD ran as the coupling constant of QCD. This assumption was found to be nearly correct in [8] where the β-function of coupling constant of the variational ansatz was cal- ' from two vertex corrections. These contributions come from the interaction of gluons, exactly the terms omitted from the exploratory variational calculation of [6] . It is hoped, that by a more refined consideration of the initial ansatz to include the non-linear terms that correspond to gluon interactions, it can be written to capture the exact running of the QCD coupling constant and can be used as a non-perturbative tool to investigate the strong coupling phenomena.
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B.
In this Appendix, Σ of Section 4.1 is calculated.
The loop integration over momentum requires the introduction of three Feynman parameters, one of which is eliminated to give,
2)
Using the standard dimensional regularisation formulae of Appendix A, integration over the spatial and time-like components separtely gives,
C.
In this appendix, Π of Section 4.2 is evaluated, where,
The method employed in the evaluation of Π is similar to that used for the evaluation of Σ in section 3.1 although more complex. It is necessary to introduce four Feynman parameters to use the methods of dimensional regularisation. Doing this and performing a shift in momentum, the denominator can be written,
The momentum in the numerator must also be shifted but before this is written it is useful to consider what powers ofũ 0 andũ i in the numerator will contribute to the β-function.
From the formulae of the Appendix we note that if the numerator is quadratic inũ 0 then the denominator must be at most of power 3 2 . i.e.
In order to have this second integration, because the initial integrand has a denominator of power 4 then the numerator must have a componentũ 2 . i.e.
Similarly, if there are no powers ofũ 0 in the numerator,ũ 4 is required. All odd powers ofũ 0 andũ i integrate to zero. Therefore, only terms quadratic and quartic inũ i need be considered in the shifted numerator,Ñ .
The modification to the Coulomb is now written as,
where Π A1 to Π C2 will be evaluated separtely.
Using the definition of the Gamma function in the Appendix, Γ(ǫ) = −Γ(−1 + ǫ). All finite terms are ignored. (C.7) is now written as,
Where spatial indices are omitted, summation is implied. Considering terms separately, again, execution of the Feynman parameter integrals gives the results below. We finally write the modification to the Coulomb interaction by the insertion of a transverse gluon loop as,
In this section one of the vertex corrections of Section 4.3 is evaluated and found to be convergent. Fig. 10 is represented by the expression,
Following the method of the previous sections, this denominator requires five Feynman parameters to allow the use of the dimensional regularisation formulae. It can be written, after a shift in momentum, as, 
E.
In this section the second vertex correction of Section 4.3 is calculated. This corresponds to the evaluation of Fig. 11 , which is represented by the expression,
(2π) 4 (2s 0 + q 0 )(2r 0 − q 0 )δ kl ∆ −1 (q)ND, (E. 1) where, Therefore, substituting (E.6) and (E.7) in (E.4), the vertex correction can be written as,
Now, the four structure constants need to be shown to be equal to a product of two. As defined in (3.2), T a and f abc are the generators and structure constants of an SU(N) Lie group, respectively. In the adjoint representation,
This allows relults known, e.g. [9] , for the generators of an SU(N) Lie group to be exploited. For instance, the result Tr(T a T b T c ) = N 2 if abc allows the evaluation, 
